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a b s t r a c t
We discuss the existence of positive solutions for the Hammerstein integral equation
u(x) = λ ∫ 10 K(x, y)f (y, u(y))dy. By calculation of the fixed point index in a cone, we obtain
that there exists a critical value λ∗ > 0 such that the above equation has at least two, one
positive solutions for λ ∈ (0, λ∗), λ = λ∗, respectively, and has no positive solution for
λ > λ∗.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
It is well known that solutions of some boundary value problems for differential equations are usually equivalent to
solutions of some Hammerstein integral equations, which indicates the importance of studying solutions of Hammerstein
integral equations. There are some results concerning the existence of solutions for Hammerstein integral equations in the
literature. For example, in [2] the Hammerstein integral equation
φ(x) =
∫
G
K(x, y)f (y, φ(y))dy, (1.1)
was considered, whereG ⊂ Rn is a bounded domain.When the nonlinear term is of the form f (u) or f (x, u) =∑ni=1 ai(x)uαii ,
αi > 0, i = 1, 2, . . . , n, some existence results for nonzero solutions and positive solutions in C(G) for (1.1) were obtained;
when the nonlinear term is a general one f (x, u), some existence results formultiple solutions for (1.1) in space Lp(G) (p ≥ 1)
was derived. In [4], by means of the decomposition of the operator and the critical point theory, the existence of infinitely
many solutions for (1.1) was considered. In [3] the integral equation
φ(x) = λ
∫
[x,x+T ]
K(x, y)f (y, φ(y− τ(y)))dy (1.2)
was studied, where λ is a parameter. Using the Leggett–Williams fixed point theorem, when λ belongs to some interval, the
existence of triple positive solutions for (1.2) was proved. Motivated by the above mentioned discussions, in this work we
devote attention to the role of the parameter λ in the existence of positive solutions in C[0, 1] for the Hammerstein integral
equation
u(x) = λ
∫ 1
0
K(x, y)f (y, u(y))dy. (1.3)
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We obtain that there exists a λ∗ > 0 such that (1.3) has at least two, one and no positive solutions for λ ∈ (0, λ∗), λ = λ∗,
and λ > λ∗, respectively.
We first list some conditions and lemmas which will be used later.
(H1) f : [0, 1] × [0,+∞)→ [0,+∞) is continuous;
(H2) K : [0, 1] × [0, 1] → [0,+∞) is continuous, K(x, y) ≤ K(y, y) for x, y ∈ [0, 1], and K(x, y) > 0 for
(x, y) ∈ (0, 1)× (0, 1);
(H3) there exist σ , α, β ∈ (0, 1), α < β such that K(x, y) ≥ σK(y, y) for y ∈ [0, 1] and x ∈ [α, β];
(H4) f (x, y) is nondecreasing in y, and f (x, 0) ≥ h > 0 for x ∈ [0, 1], where h is a constant;
(H5) limy→+∞ f (x,y)y = +∞ uniformly for x ∈ [0, 1].
Lemma 1.1 ([1]). Let X be a Banach space, K a cone and Ω an open bounded subset of X. Let θ ∈ Ω and T : K ∩ Ω → K be
condensing. Suppose that Tx 6= $ x for all x ∈ K ∩ ∂Ω and$ ≥ 1. Then i(T , K ∩Ω, K) = 1.
Lemma 1.2 ([1]). Let X be a Banach space and K a cone of X. Assume that T : K r → K (Kr = {x ∈ K : ‖x‖ < r, r > 0}) is a
compact map such that Tx 6= x for x ∈ ∂Kr . If ‖x‖ ≤ ‖Tx‖ for x ∈ ∂Kr , then i(T , Kr , K) = 0.
Let C[0, 1] be a Banach space of all continuous functions defined on [0, 1] equipped with the maximum norm ‖.‖,
C+[0, 1] = {u ∈ C[0, 1], u(x) ≥ 0, x ∈ [0, 1]}, and
P = {u ∈ C+[0, 1] : u(x) ≥ σ‖u‖ for x ∈ [α, β]}.
Then P is a cone in C[0, 1]. We use the partial order induced by C+[0, 1].
2. Main results
In this section, we consider the existence of positive solutions for (1.3) in C[0, 1], and show that the parameter λ
determines the number of positive solutions of (1.3). Define the operator Aλ : C[0, 1] → C[0, 1] by
(Aλu)(x) = λ
∫ 1
0
K(x, y)f (y, u(y))dy. (2.1)
Then the solution of (1.3) in C[0, 1] is equivalent to the fixed point of the operator Aλ in C[0, 1]. We say that the operator Aλ
has a fixed point u∗ at λ∗ if u∗ satisfies (1.3) when λ = λ∗.
Lemma 2.1. Suppose that (H1)–(H3) hold. Then Aλ(P) ⊂ P and Aλ : P → P is completely continuous.
Proof. For any u ∈ P , we have
(Aλu)(x) ≤ λ
∫ 1
0
K(y, y)f (y, u(y))dy,
which implies that ‖Aλu‖ ≤ λ
∫ 1
0 K(y, y)f (y, u(y))dy, and
(Aλu)(x) ≥ λσ
∫ 1
0
K(y, y)f (y, u(y))dy ≥ σ‖Aλu‖
for x ∈ [α, β]. Thus Aλ(P) ⊂ P . The fact that Aλ is completely continuous can be proved by the Arzela–Ascoli theorem in the
usual way. 
Lemma 2.2. Suppose that (H1)–(H4) hold. Then there exists a λ∗ > 0 such that the operator Aλ has a fixed point u∗ ∈ P\{θ}
at λ∗.
Proof. Let u0(x) =
∫ 1
0 K(x, y)dy for x ∈ [0, 1]. Then u0 ∈ P\{θ}. Take λ∗ = 1/Mf , whereMf = maxx∈[0,1] f (x, u0(x)) and
(Aλ∗u)(x) = λ∗
∫ 1
0
K(x, y)f (y, u(y))dy.
Then λ∗ > 0 and u0(x) ≥ λ∗
∫ 1
0 K(x, y)f (y, u0(y))dy for x ∈ [0, 1].
Set un(x) = (Aλ∗un−1)(x) = (Anλ∗u0)(x), n = 1, 2, . . ., for x ∈ [0, 1]. Then
u0 ≥ u1 ≥ · · · ≥ un ≥ · · · ≥ λ∗σ
∫ 1
0
K(y, y)dy > θ.
By the compactness of the operator Aλ∗ , Lemma 2.1, and the Lebesgue dominated convergence theorem, the sequence
{un}∞n=0 = {Anλ∗u0}∞n=0 converges to u∗ ∈ P\{θ}, a fixed point of the operator Aλ∗ . The proof is complete. 
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Lemma 2.3. Suppose that (H1)–(H5) hold. Set
Sλ = {u ∈ P : Aλu = u, λ ∈ I},
where I ⊂ [b,∞) for some constant b > 0. Then there exists a constant CI such that ‖u‖ ≤ CI for all u ∈ Sλ.
Proof. We shall prove by contradiction. If it is not true, then there exists a sequence {un}∞n=0 ⊂ P such that limn→∞ ‖un‖ =+∞, where un is the fixed point of Aλn at λn ∈ I, n = 1, 2, . . .. Thus un(x) ≥ σ‖un‖ for x ∈ [α, β]. Choose l > 0 such that
lbσ 2K0 > 1, where K0 =
∫ 1
0 K(y, y)dy, y1 > 0 such that f (x, y) ≥ ly for y > y1 and x ∈ [α, β], and N0 > 0 such that‖uN0‖ > y1/σ . For x ∈ [α, β]we have(
AλN0 uN0
)
(x) = λN0
∫ 1
0
K(x, y)f (y, uN0(y))dy
≥ λN0 l
∫ 1
0
K(x, y)uN0(y)dy
≥ λN0 lσ
∫ 1
0
K(y, y)uN0(y)dy
≥ blσ 2 ∥∥uN0∥∥ ∫ 1
0
K(y, y)dy,
and further
uN0(x) ≥ blσ 2K0
∥∥uN0∥∥ > ∥∥uN0∥∥ ,
which is a contradiction. The proof is complete. 
Lemma 2.4. Suppose that (H1)–(H5) hold, and Aλˆuλˆ = uλˆ. Then for any λ∗ ∈ (0, λˆ) there exists u∗ ∈ P\{θ} such that
Aλ∗u∗ = u∗.
Proof. It is clear that for any λ∗ ∈ (0, λˆ)
uλˆ(x) = λˆ
∫ 1
0
K(x, y)f (y, uλˆ(y))dy
≥ λ∗
∫ 1
0
K(x, y)f (y, uλˆ(y))dy.
Set
(Aλ∗u)(t) = λ∗
∫ 1
0
K(x, y)f (y, u(y))dy,
u0(x) = uλˆ(x) and un(x) = (Aλ∗un−1)(x) = (Anλ∗u0)(x), n = 1, 2, . . .. Then
u0 ≥ u1 ≥ · · · ≥ un ≥ · · · ≥ σK0λ∗h.
We conclude the proof similarly to Lemma 2.2. 
Lemma 2.5. Suppose that (H1)–(H5) hold. Let Π = {λ > 0 : Aλuλ = uλ, uλ ∈ P\{θ}}. Then Π is bounded above, and
Π = (0, λ˜] where λ˜ = supΠ .
Proof. Suppose to the contrary that there exists a fixed point sequence {un}∞n=0 ⊂ P of Aλ at λn such that limn→∞ λn = ∞.
Then there are two cases to be considered: (i) there exists a constant V > 0 such that ‖un‖ ≤ V , n = 0, 1, 2, . . .; (ii) there
exists a subsequence
{
unk
}∞
k=1 such that limk→∞
∥∥unk∥∥ = ∞, which is impossible by Lemma 2.3. In view of (H4) and (H5)
we can choosem0 > 0 such that f (x, un(x)) ≥ f (x, 0) > m0V for x ∈ [0, 1]. Thus for x ∈ [α, β]we have
un(x) = λn
∫ 1
0
K(x, y)f (y, un(y))dy
≥ λnσ
∫ 1
0
K(y, y)f (y, un(y))dy
≥ λnσm0VK0,
which implies that V ≥ λnσm0VK0 or λn ≤ 1/σm0K0, a contradiction. SoΠ must be bounded above.
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Next we prove Π = (0, λ˜]. By Lemmas 2.3–2.5, we need only show that λ˜ ∈ Π . Indeed, from the definition of λ˜, we
may choose a distinct nondecreasing sequence {λn}∞n=1 ⊂ Π such that limn→∞ λn = λ˜, and a nondecreasing sequence{un(x)}∞n=1 ⊂ P\{θ} such that
un(x) = (Aλnun)(x) = λn
∫ 1
0
K(x, y)f (y, un(y))dy. (2.2)
Note that {un(x)}∞n=1 is equicontinuous and uniformly bounded. Passing the limitation n → ∞ to both sides of (2.2) and
using the Lebesgue dominated convergence theorem, we have
u˜ = λ˜
∫ 1
0
K(x, y)f (y, u˜(y))dy.
The proof is complete. 
Theorem 2.1. Suppose that (H1)–(H5) hold. Then there exists a λ∗ > 0 such that (1.3) has at least one, two and has no positive
solution for 0 < λ < λ∗, λ = λ∗ and λ > λ∗, respectively.
Proof. By previous lemmas, we know that there exists a λ∗ > 0 such that Aλ has a fixed point uλ∗ ∈ P\{θ} at λ∗, and has
a fixed point uλ∗ ∈ P\{θ} at λ∗ satisfying uλ∗ ≤ uλ∗ for λ∗ ∈ (0, λ∗). In view of the uniform continuity of f (x, y) in y on a
compact subset of R+, we have for λ∗ ∈ (0, λ∗) that there exists a δ > 0 small enough such that
f (x, uλ∗(y)+ δ)− f (x, uλ∗(y)) ≤ f (x, 0)(λ∗/λ∗ − 1),
and
λ∗f (x, uλ∗(y)+ δ)− λ∗f (x, uλ∗(y)) ≤ (λ∗ − λ∗)[f (x, 0)− f (x, uλ∗(y))] ≤ 0.
Furthermore, we have for x ∈ [0, 1]
(Aλ∗(uλ∗ + δ))(x) ≤ (Aλ∗uλ∗)(x) = uλ∗(x) < uλ∗(x)+ δ. (2.3)
Let D = {u ∈ C[0, 1] : −δ < u(x) < uλ∗ + δ, x ∈ [0, 1]}. Then D is an open subset of C[0, 1], θ ∈ D, and Aλ∗ : P ∩ ∂D→ P
is completely continuous (and so condensing), in addition, Aλ∗u 6= µu for µ ≥ 1 and u ∈ P ∩ ∂D. Indeed, let u ∈ P ∩ ∂D.
Then there exists an x0 ∈ [0, 1] such that u(x0) = ‖u‖ = uλ∗(x0)+ δ, and
(Aλ∗u)(x0) = λ∗
∫ 1
0
K(x0, y)f (y, u(y))dy
≤ λ∗
∫ 1
0
K(x0, y)f (y, uλ∗(y)+ δ)dy
< uλ∗(x0)+ δ = u(x0) ≤ µu(x0) for µ ≥ 1.
It follows from Lemma 1.1 that i(Aλ∗ , P ∩ D, P) = 1. By virtue of (H6) we choose l1 > u(x0) > 0 such that f (x, y) > l1y
for y > l1 and l1λ∗K˜σ > 1, where K˜ = minx∈[0,1]
∫ β
α
K(x, y)dy. Let R0 = (l1 + 1)/σ and PR0 = {u ∈ P : ‖u‖ < R0}. Then
Aλ∗ : PR0 → P is completely continuous. Like for Lemma 2.3, for u ∈ ∂PR0 we have
‖Aλ∗u‖ ≥ λ∗
∫ 1
0
K(x, y)f (y, u(y))dy
≥ λ∗l1
∫ β
α
K(x, y)u(y)dy
≥ λ∗l1σ‖u‖
∫ β
α
K(x, y)dy
≥ λ∗l1σR0K˜ > R0 = ‖u‖.
By Lemma 1.2, i(Aλ∗ , PR0 , P) = 0. The additivity of the fixed point index shows that
i(Aλ∗ , PR0\P ∩ D, P) = i(Aλ∗ , PR0 , P)− i(Aλ∗ , P ∩ D, P) = −1,
which implies that Aλ∗ has a fixed point in uλ∗ ∈ {P ∩D}\{θ} and a fixed point u0λ∗ ∈ PR0\P ∩ D. Taking λ∗ = supΠ finishes
the proof. 
Remark 2.1. The solution of the well known second-order eigenvalue problem{
u′′(t)+ λf (t, u) = 0, t ∈ [0, 1],
u(0) = u(1) = 0 (2.4)
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is equivalent to the solution of the following integral equation:
u(t) = λ
∫ 1
0
G(t, s)f (s, u(s))ds
in C[0, 1], where
G(t, s) =
{
t(1− s), 0 ≤ t ≤ s ≤ 1,
s(1− t), 0 ≤ s ≤ t ≤ 1.
It is easy to see that G(t, s) satisfies conditions (H1)–(H3).
Remark 2.2. By Lemmas 2.2 and 2.4, if conditions (H1)–(H5) are satisfied and Mf ≤ 1, then (1.3) has at least one solution
in P\{θ}when λ = 1.
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